MULTIPLE HOLOMORPHS OF FINITELY GENERATED
ABELIAN GROUPS

BY
W. H. MILLS

The object of this paper is to determine all cases in which two or more
finitely generated abelian groups have the same holomorph(!). Let G and G’
be finitely generated abelian groups and let H be the holomorph of G. Then
it will be shown that H is the holomorph of G’ if and only if G’ is an invariant
maximal-abelian subgroup of H isomorphic to G. All such subgroups of H are
determined. There are at most four. If G does not contain any elements of
order 2, or if G has at least three independent generators of infinite order,
then G itself is the only such subgroup(?).

1. Definitions. Let G be a group. If ¢ and 7 are two automorphisms of G,
then o7 is defined to be the automorphism such that (o7)g =g (7g) for all gEG.
Under this composition the automorphisms of G form a group 4. Consider
the set H of all pairs (g, 0), gEG, s E€A. We define a composition in H by

(a, 0)(b, 7) = (add, a7).

Under this composition the set H forms a group. If e is the identity of G and
I is the identity of 4, then (e, I) is the identity of H. Furthermore the inverse
of (a, 0) is (e7'a1, 67 1!). The group H is called the holomorph(®) of G. The
mapping g—(g, I) gives an imbedding of G in the group H. We identify the
element g in G with the element (g, I) in H. Then G is an invariant subgroup
of H. If G is abelian, then it is a maximal-abelian subgroup of H, that is, an
abelian subgroup not properly contained in any abelian subgroup of H.

Received by the editors February 2, 1951.

(1) This problem was proposed by J. G. Wendel for the case of finite abelian groups.
Wendel considered the group algebra of a finite abelian group G over the field of complex num-
bers. He then considered the group J of all norm preserving automorphisms of this group
algebra, where the norm is the sum of the absolute values of the coefficients. Wendel then
observed that the group J was the holomorph of G, and asked whether the group G was deter-
mined by the abstract group J. The methods of §2 are due, in part, to Wendel who first ob-
tained the fundamental identity (6).

(3) This generalizes the results of G. A. Miller [1]. (Numbers in brackets refer to the
references cited at the end of the paper.) Miller used the classical definition of the holomorph
as the set of all permutations that transform a regular permutation group into itself. He deter-
mined all cases in which two or more isomorphic finite abelian groups have the same holomorph.
A slight discrepancy between Miller’s paper and this paper is due to the fact that different
definitions of the holomorph are used.

(%) Various other definitions of the holomorph have been given. For example the holo-
morph of a group G is the group of transformations of G generated by the automorphisms of G
and the left (or right) multiplications, g—ag (g—ga).
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More generally, if 9 is any isomorphism of H onto a group H’, and if G’
is the image of G under this isomorphism, then H’ is said to be the holo-
morph of G'.

2. Several identities. We shall now establish several identities for later
use. Let H be the holomorph of an abelian group G, and let S be an invariant
Abelian subgroup of H. Let (a, o) be a fixed element of S, b an arbitrary ele-
ment of G, and 7 an arbitrary element of 4. Since S is invariant,

(8, T)(d, 0')(8, T)_l = (Ta, 7'0'7'_1) (S
Therefore, since S is commutative,
(a, o)(va, To7™) = (74, To17)(a, o).

Comparing first components we obtain

1) agra = taror"la.
Therefore
2) if 7a = a, then o¢a = 70a.

Let 0 be the automorphism of G that sends each element into its in-
verse. Put A=0"%. Then, since ¢ and § both commute with o, it follows
that N\eA~!=g¢. Substituting 7=\ in (1) gives e=¢"'a"'oa. Applying ¢ we
obtain
3) o’ = a.

Now S contains (a, d)(e, N)(a, 0)(e, N)"1= (e, %), b~(a, 0)b(a, )"1=0b/b,
and hence (¢a/a)~'(a, o)%(e, 02)~1=a? We have established:

) (6,0 €S, ob/bES, and a*ES.

Furthermore S contains (e, 7)(¢b/b) (e, )~ =7(sb/b). Now, since S is abelian,
(a, 0) commutes with 7(ob/b). It follows that

5) a7(ab/b) = 7(ab/b).

If we put 7=1 in (5), then we obtain

6) o(ab/b) = ab/b.

From (6) it follows, by induction on #, that

W) o"b = b(ab/b)"

and

(8) (a, o) = (a™(oa/a)"» D12, gm),

for all positive integral ». Finally, comparing (3) and (7) we have

9) (ca/a)? = e.
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3. Additional notation. We shall now suppose that G and G’ are finitely
generated abelian groups with holomorphs H and H’ respectively. Suppose
that G is isomorphic to an invariant subgroup G of H’, and that G’ is iso-
morphic to an invariant subgroup G” of H. This condition is clearly satisfied if
G and G’ have isomorphic holomorphs.

Now since G and G’ are finitely generated abelian groups, they can be
written as direct products

(10) G =G(») XG(p1) X -+ XG(pn),

(11) G =G'(0) XG'(pr) X -+ XG'(pm),

where G(») and G’( ) are groups with no elements of finite order except for
the identity; p1, + + +, pur are distinct primes; and G(p;) and G’(p;) consist of

all elements, of G and G” respectively, whose orders are integral powers of p.
By allowing the groups G(p;) and G’(p;) to contain only the identity, we can
assume that the same primes occur in the decompositions (10) and (11), and
that 2 is one of these primes. The groups G(p;) and G'(p;) are finite abelian
invariant subgroups of H. We now put

M M
F(wo) = [1G(p),  F'(»)=T1G@,

i=1 =1
F2) = G() II Gz
pi#2

Since the groups G’(p;) and G’ are invariant abelian subgroups of H, it
follows that the identities of §2 hold if (a, o) is an element of one of these
groups.

4. Elements of maximal prime power order. Let » be one of the primes
b1, + + +, pu. Let p™ and p™ be the maximal orders of the elements of G(p)
and G’'(p) respectively. We need the following:

LemMA 1. If (a, ) EG", bEG(p), and m =1, then (ab/b)?" ' =e.

Proof. Since bEG(p), it follows that ¢b/bEG(p), and therefore (ob/b)?™
=e. Suppose (¢b/b)?" " s%e. Then b*»" 's%¢. Hence b and ob/b are both ele-
ments of G(p) of maximal order. Therefore there exists an automorphism
7EA4 such that 7(¢b/b) =b. By (5) we have 6b=> or ¢b/b=e, which implies
that (¢b/b)*" " =e.

LEMMA 2. m=m’.
Proof. Let (a, o) be an element of G’(p). Then
(a, 0)»™ = e = (e, I).

Comparing secor}d components, we see that ¢?" =I. If 5EG, then from (7)
we have (¢b/b)?" =e. Hence db/b&G(p) and therefore (gb/b)?™ =e. Since b is
an arbitrary element of G, (7) yields ?” = I. Now by (8)

(12)
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e = (g, 0)P™* = (aP™*(ga/a)P™ (P12 gomH) = gomH,

m=1

Hence a €G(p). Therefore a*™=e. By Lemma 1 we have (sa/a)?"  =e if

m=1. It follows that
(13) (a, o)™ = (ca/a)Pm(rm—DI2 = ¢

for any value of m. Now (13) holds for all (e, ¢) €EG'(p). Hence m' <m. By
symmetry m Z<m’. Therefore m’' =m.

Let N(p) and N’(p) denote the number of elements of G(p) and G’ (p) re-
spectively of maximal order p™.

LemMA 3. N'(p) = N(p).

Proof. If m=0, then G(p) and G’(p) both consist of the identity alone,
and N'(p) =N(p)=1. We suppose that m>0. Let (a, o) be a fixed element
of G’(p) of order p™. In the proof of Lemma 2 we established that ¢?™ =1 and
a?™ =e. If the order of ¢ is p™, then by (7) there exists a b&G such that ob/b
has order p™. By (4), 0b/bEG’'(p). Hence G'(p) contains an element (e, o)
of order p™, where 0?™ ' =1. We distinguish two cases:

Case 1. The order of a is p™. Here we can choose 71, 73, * * *, Tn(» so that
7.0 runs through the N(p) elements of G(p) of order p™. Then

(14) (e 7:)(a, o) (e, 7:)7! = (i@, Ti07i)

are N(p) distinct elements of G’(p) of order p™. Thus in this case N'(p) = N(p).
Case 11. @»™ " =e. In this case we have, by (8),

e # (a, )7 = (ca/a)P™ 1 @™1-DI2,

Clearly (sa/a)?™ '=e, and by (9) we have (ca/a)?=e. It follows that p=2
and m=2. Furthermore the order of ¢a/a is exactly 2. Therefore the order
of o and the order of @ are both 2. If a is a square, say a =g?, then the order
of og/g is 4, which contradicts Lemma 1. Therefore a is not a square. Put
b=oca/a. If b is not a square, then there exists an automorphism 7 such that
7(0a/a) =1b=a, and then (5) yields ¢a =a, which is a contradiction. There-
fore b is a square. Put b =c2. Then the order of ¢ is 4 and da =ab=ac?. Let B,
and B, be the cyclic groups generated by ¢ and a respectively. We can write
G(2) as a direct product, G(2) =B XByX * + + X By, where the B; are cyclic
groups of order 2 and 4. We shall show that ¢=2. Suppose t=3, and let d
be a generator of B;.

(i) Suppose d has order 4. Choose 7€ 4 such that ra =a, 7¢=d. Then by
(2) we have ca=70a, or ac?=ad?, or c2=d?, which is a contradiction. There-
fore B, is the only one of the groups B; of order 4.

Now let g and 7 be arbitrary elements of G and 4 respectively. Then,
since 02=1, it follows that (sg/g)2=e. By (5) we have o7(og/g) =7(og/g) and
therefore 7(og/g) #a. Since this is true for arbitrary 7, it follows that og/g is
either e or ¢2 Therefore
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(15) 7(og/g) = og/g
for all g&€G, T€A. Hence (1) yields
(16) ora/ra = 1(e7la/71a) = orla/71a.

(i) Suppose d has order 2. Choose 7 such that ra=d, 7~'a =ad. Then
from (16) we have od/d=c(ad)/(ad) =c%d/d, or c?=e, a contradiction.
Therefore t =2 and G(2) =B1X Bs. Hence N(2) =4.

Now o(ac)/(ac) =c%sc/c, and ac/c is either e or c2. By replacing, if neces-
sary, ¢ by ac we can assume that oc=c. Now choose £E4 such that {&c=ac,
ta=a, and &f=f if fEF(2). Put p=£0t~1. Then pa=ac? and pc=¢c>. Clearly
p#a, and therefore

(a, 0), (a, 0)® = (ac?, o),
17) (e, £)(a, 0)(e, £)* = (a, p),
(a, p)* = (ac?, p)
are four distinct elements of G’(2) of order 4. It follows that N’(2) = 4= N(2).

This completes the proof of Lemma 3.
By symmetry we have N(p) = N’'(p). Thus we have:

LeEmMA 4. N'(p) =N(p).

We shall now re-examine the two cases of Lemma 3 in the light of Lemma
4.

5. The case p odd. If p=2, then Case II is impossible and we have only
Case I left. Then we have (a, 0) EG’(p) where a is of order p™. Since G’'(p)
is an invariant abelian subgroup of H, we can apply (4), and hence a2€G’(p).
Since a is an element of odd order, it follows that a EG’(p). Therefore
(e, T)a(e, T)"'=1a EG’(p) for all T €A. Now the elements 7a generate G(p).
Hence G(p) SG’(p). By symmetry G'(p) SG(p). Thus we have proved:

LeEMMA 5. If p#2 then G'(p) =G(p).

6. The case p=2. We write G() and G(2) as the direct product of fixed
nontrivial cyclic groups:

G(o) =G1 XGg X -+ + XGy, G2)=Ci XC: X -+ XC,

where £20, t =0, and the order of C;is greater than or equal to that of Ciy1.
Let g; be a generator of the group G;. Let @ and 8 be generators of C; and C.
respectively, and let %, v, and w be the orders of C,, Ce, and Cj; respectively.
If t<3 it is understood that w=1; if t<2, that v=1, B=e; and if t=0, that
u=1, a=e. Then u, v, and w are powers of 2 and # =v=w. We put

3
Fi= 11 cs i=1,2,

fe=jt1
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where, if t<j, F; is understood to consist of the identity alone.

Suppose p=2. Then 2»=u. If u=1 then G'(2) =G(2) trivially. We sup-
pose that u>1. We have either Case I or Case II.

Case 1. G’(2) contains an element (a, ) of order %, where ¢ has order u
and o¥2=1. Here the N(2) elements (14) constitute the entire set of ele-
ments of G’(2) of order u. Now every element of G(2) of order # occurs once
and only once as the first component of one of the elements (14). Therefore
G'(2) contains an element of order « with « as its first component, say (&, ¥).
Furthermore if (o, 01) and (@, 03) are elements of G'(2) of order » with the
same first component, then ¢; =0 and the order of &, is ». In particular if 7
is an automorphism of G such that ra=q, then (¢, 7)(a, ¥) (e, 7)1 = (o, ¥777)
and (a, ) are such elements, and hence Y7~ =¢. Thus we have

(18) if 7a =« then 7Y = Y1,

Suppose (e, 7) EG’(2). Then it follows that the order of (e, 7) is less than
u, and hence the order of («, ¥)(e, 7) = (, ¥7) is u. Therefore Y=y or r=1.
Combined with Lemma 5 this yields:

LEMMA 6. If Case I holds for p=2, then F'( ) contains no elements of the
form (e, 7), 75%£1.

In particular (4) gives us (e, ¥2) €EG’(2) and hence y?=1I. Then (7) yields
Yg/g)2=e for all g€G.

Suppose first that k, the number of independent generators of infinite
order, is positive. Put k=yg/g:. Then Yg1 =gk, h?=e, and hence hEG(2)
C F(). Let f be either an element of F(«) or one of the infinite generators
gis» 122. Then we can choose 7 such that rgy=gif and 70=0b if b& F(x).
Then by (18) we have 7y =y7. Now yYrgi=y¥(gf) =gim¥f, and npg=7(g:h)
=ghf. Hence ¢f=f.

If k=2, then Yg;=g; if =2, and by interchanging the roles of g and
g2 we have Y¥g1=g:. Also, since yf=f if fEF(»), we have y =1, and hence
G(2)CSG'(2). Since N'(2) =N(2), it follows that G(2) =G'(2).

If k=1 then we have yf=f for all fE F(=), and we need only determine
Ygi=gih. Now if ra = and 7g, =g, then

gith = 1(g1h) = g1 = Yrg1 = ¥Yg1 = gk,

Thus 7h=h for all 7 for which ra=«, 7g1=g1. Since h?=e this is possible if
and only if z=a?, where ¢=0 or ¢=u/2. By (4), h=a2&€G'(2). If g=u/2
then a@G’(2) and hence #>2. Thus ¢ is even. If 5&G(2) let ¥, be the auto-
morphism such that

(19) Yog1 = 109, and ¢Yof = f if fEF().

Now (o, ¥) and its conjugates generate G’(2). It follows that G’(2) consists of
the elements (b, ¥s), bEG(2). In this case G’(2) is isomorphic to G(2).
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Finally suppose £=0. By (18) we see that mpa =y« for all 7 for which
ta=ca. This can be true only if Y« is a power of «, say

(20) Ya = a’, 1=sr<u

Now we know that (Ya/a)?=e or a?¢—D=e¢, It follows that either r=1 or
r=14u/2. If u=2, then of necessity r=1. If u=4 then e##(x, ¥)?=al*".
Hence r=1 here also. Thus we have:

(21) If u<4,thenr =1 Ifu>4,thenr =1 orr =1+ u/2.

Now if ra =a and 78 =8, then Y3 =y18=yB. Therefore Y8 =a*8% for suitable
s and R, where we can suppose 0=<s<u. If f=a*/? or if fE F, we can choose

7 such that ra =, 78 =0f. Then by (18), y7=7¢. Now y18=y¢(8f) = a*B&R}f,
and 7YB =7(a’BE) =a’BEfE. Thus
(22) vf = fE

Now f=a*? gives a*/? = aF*/*, whence r = R( mod v). Thus we have 87=p% and
without loss of generality we can suppose that R=r. Now (Y8/B)2=e and
hence a228¢—V =¢, which yields a?* =¢. Hence we have

(23) Y8 = a7, where s = O or s = u/2.

Also from (22) if fE F,, thenyf=J". Now if v =w we can interchange the roles
of C; and Cj; to obtain y8=pr, or s=0.

(24) If v = w, thens = 0.
Now choose 7 such that ra=aB, 78=p8. Then 7 la=a/B and (1) gives o (aB)
=afry(a/B) or
al+r+aBr —_ al+r—s,31—s.
Since a? =¢ we have 3'=81"* or §7~1=(-*=p¢ Therefore
(25) ifu=19,thens=7r— 1
Since u=v=w, it follows from (24) and (25) that if #=w, then s=0 and
r=1. If u>w and if fEF,, then yf=f"=f. Hence in any case
(26) if f € Fy, then ¥f = f7 = f.
By (10) and (12), G=G(2) X F(2) and every element of F(2) has odd order.
Hence :

27) if f E F(2), thenyf = f.

We note that » and s determine Y completely. We have four possibilities:
(i) »=1, s=0. This is possible for all values of %, v, and w.
(ii) r=1, s=u/2. By (24) and (25) this is possible only if #>v>w.
(iii) r=14u/2, s=0. By (21) and (25) we have u>v, u>4.



386 W. H. MILLS [November

(iv) r=14u/2, s=u/2. By (21) and (24) we have #>4, v>w.
In other words:

(A) fu=v=w;,u=v=4;orif u£4and v=w; thenr=1, s=0.

(B) If u=4,v=2, w=1;r=1,and s=0 or s=u/2.

(C) f u>v=wand u>4; then s=0,and r=1or r=1+4u/2.

(D) If u=v>wand u>4;thenr=1and s=0,or r=14%/2 and s=u/2.
(E) f u>v>wand u>4;thenr=10rr=1+4%/2,and s=0o0r s=u/2.
Now if fE€ Fi we can choose ¢ €4 such that pa=af, and ¢pg=g if gEF; or if
gEF(2). Then G'(2) contains (e, ¢)(a, ¥) (e, ¢)~L. Therefore G’(2) also con-

tains

(e, ¥)(a, ¥)7X e, d) (o, ¥)(e, @) M e, ¥)71 = (f, B 7).

If fEF, then ¢ =y and hence fEG’(2). Therefore F;CG'(2). Now put
f=B and w=¢y¢~~1. Then (8, w) EG'(2) and

wa = a1+aﬂc’ wﬁ . ﬁl+a’
wg=gif gEF, orif g & F(2).

On the other hand, let G(2, r, s) be the group generated by (o, ¥), (8, w),
and the elements of F;, where ¥ and w are defined by (20), (23), (26), (27),
and (28). Then if k=0, G’(2) is one of the groups G(2, r, s), where the possible
values of r and s are given by (A), (B), (C), (D), and (E). We note that this
holds whether or not #=1. If u=4,v=2, and w=1, then Case II leads to one
additional possibility.

Casell. a*'?=e, */2=1. Here we have u=2m=4,v=2, and w=1. Further-
more N’(2) = N(2) =4. The four elements (17) are the only elements of G’(2)
of order 4.

Suppose k=1 and put k=0g/g1. Then h?=e and (15) gives us Th=h for
all r&€A. Furthermore

(28)

pg1 = tot g = Eogy = E(@ih) = g1k = ogu.

Choose 7 so that 7f=f if fEF(®) and tgi=ga. Then (e, 7)~(a, o)(e, 7)
=(a, 7 'o7) is an element of G’(2) of order 4. Hence 7~ '¢7 is either o or p.
Therefore

ok = 7l07g = T le(g1a) = 7Y (g1kac?) = gihc?,

which is a contradiction. Therefore £=0, and G is a finite group in this case.

The four elements (17) generate a group of order 8 isomorphic to G(2).
This group must be G’(2). Moreover (a, o) and (e, op) are a set of independent
generators of this group. Furthermore a?=¢? and 8 must be either a or ac?
Therefore G’(2) contains the elements (8, ¢) and (3, p). Also o8 =pB=0c?
=fa? Let ¥ be the automorphism such that

(29) Va=a, Y8 =P and ¥f=fif fE€F(2).
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Then ¢ =0 or ¥ =p. Hence (3, ¥) EG’(2). Now if we put w=o0p, then
(30) wg=1¢g if g€G(2), o =fiffEFQ).

Then we see that (8, ¥) and (e, w) are a set of independent generators of
G'(2).

On the other hand if #=4, v=2, and w=1, let ¥ and w be defined by
(29) and (30). Then let G(2) be the group generated by (e, ¥) and (e, w).
We see that if Case II holds, then p=2, k=0, and G’(2) = G(2). Thus in all
cases we have:

LEMMA 7. G'(2) 1s isomorphic to G(2).

7. The groups G(«~) and G'(«~). We shall now study the group G'(=).
We let k and &’ be the number of independent generators of G(») and G'(»)
respectively. If k=0, then G is a finite group, H is a finite group, and hence
G is a finite group. Thus when k=0, it follows that 2’ =0, and G'( ) =G(»)
since both groups consist of the identity alone. We now suppose that 2>0.
Then clearly k'>0. Let (a, o) be an element of G’ of infinite order. Then
either a or ¢ has infinite order. If ¢ has infinite order then, by (4), a? is an
element of G’ of infinite order. If ¢ has infinite order, then there exists an
element bEG such that ¢b/b has infinite order. By (4), ¢b/bEG". In either
case GG’ contains an element g of infinite order. Let Q be the common
maximal order of the elements of F(©) and F/(»). Then g¢E&G(o)NG'(x).
Now g? and its conjugates form a subgroup of G(«) with % independent
generators. This subgroup is also a subgroup of G’(«). Hence k'=k. By
symmetry k=%, and hence ¥’ =k. Therefore G’( ) is isomorphic to G(=).
This result, combined with Lemmas 5 and 7, proves the following:

TueoreM 1. If G and G’ are finitely generated abelian groups, each iso-
morphic to an invariant subgroup of the holomorph of the other, then G is iso-
morphic to G’.

COROLLARY. If G and G’ are finitely generated abelian groups with isomor phic
holomorphs, then G and G’ are isomorphic.

8. Multiple holomorphs. Let H and H* be the holomorphs of the groups
G and G* respectively. Suppose that H and H* are isomorphic and that » is
an isomorphism of H* onto H. Put G’ =4'G*, the image of G* under the iso-
morphism 7’. We can regard H as the holomorph of G’. Thus H is simul-
taneously the holomorph of G and G’. We call H a multiple holomorph(*) of
the groups G and G’.

Now suppose that H is a multiple holomorph of the finitely generated

(%) This definition differs from the definition of G. A. Miller [1]. Miller defined the multiple
holomorph of G as the group obtained from H by adjoining certain elements that transform G
into its conjugates.
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abelian groups G and G’. Then by the corollary to Theorem 1, G and G’ are
isomorphic. Hence there is an automorphism 5 of H that sends G onto G'.
Furthermore G’ is an invariant maximal-abelian subgroup of H isomorphic
to G. We shall now determine all such subgroups of H.

9. Invariant maximal-abelian subgroups. Let G be any finitely generated
abelian group with holomorph H, and G be any invariant abelian subgroup
of H isomorphic to G. Then by putting G’ =G’ =G we can apply the results
and notations of the preceding sections.

Suppose first that £=0. Then G is the product of the groups G’(p). When
p#2, then G'(p) =G(p). Hence G=G'(2)F(2). We put G(r, s) =G(2, r, s) F(2)
and G=G(2)F(2). Then we see that G is either G or one of the groups G(7, s).
We note that G is defined only if =4, v=2, and w=1. The possible values of
r and s are given by (A) through (E). It can be easily shown that the groups
G and G(7, s) are invariant maximal-abelian subgroups of H, under the above
mentioned restrictions.

Now we suppose that £>0. Suppose that G contains an element of the
form (e, 7). As before we let Q be the common maximal order of the elements
of F(») and F’(«). Then if 7 has infinite order, (e, 7)? adjoined to G(=)
NG’( =) gives a subgroup of G’( =) with k41 independent generators. Hence
7 has finite order, and (e, 7) € F/(x). Now since £>0, Case I holds for p =2,
and by Lemma 6 we have r=1. We have proved:

LEMMA 8. If k>0, then G contains no elements of the form (e, 1), 7= 1.

Let (a, ¢) be any element of G. By (4), (¢, ¢2) &G, and Lemma 8 gives
us ¢2=1. Let (@, 7) be another element of G with the same first component.
Then G contains (@, ¢)~(a, 7) = (¢, 07 'r). Therefore ¢ =7 by Lemma 8. Thus
we have proved:

LeEMMA 9. If k>0, (a, 0)EG, and (a, 7)EG, then o =7 and o?=1.

It follows at once that if (a, 0) €G and g&G, then og?=g2 Hence (q, o)
commutes with g2 We now impose the further condition on G that it be a
maximal-abelian subgroup of H. Then we see that g?€( for all g&G. Let
K be the group of all elements of the form g%, g &G, fEF/'(»). Then K is a
subgroup of G and an invariant subgroup of H.

LemMA 10. If k>0, then K is a proper subgroup of G.

Proof. G is a maximal-abelian subgroup of H. Therefore it is sufficient
to find an element (g, o) that does not belong to K but that commutes with all
elements of K. Since K does not contain any element with first coefficient g,
it is sufficient to find an element (g1, o) that commutes with all elements of
K. Now if k=2, then G'(p) =G(p) for all p. Hence F'(x=)=F(»), KCG, and
g1 is an element with the desired properties. If k=1, then G'(p) =G(p) for all
p#2, and G’(2) consists of the elements (b, ¥3), bEG(2), ¥, defined by (19).
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In this case let » be the automorphism such that vg=g!*? if g&G(2), and
vf=f if fEF(2). Then (g, ») is an element that commutes with all elements
of K. This completes the proof of Lemma 10.

. Let (g, ¢) be an element of H that is not an element of K. We may
suppose that g= []g¥, where each #; is either 0 or 1. At least one of the #;
must be 1. Hence there exists a 7& 4 such that 7g =g;. Hence (e, 7)(g, o) (e, 7) !
= (g1, 7o77") is an element of G, but not of K. Without loss of generality let
g=g. Now if 7g1=g, then (e, 7)(g1, 0)(e, 7)"'=(g1, 7o771) and (g, o) are
both elements of G. Hence, by Lemma 9, we see that

(31) if 7g1 =g, then 70 = or.

Suppose k=2, Let fEF() or f=g;, j#2. Then there exists a T€ A4 such
that 7g1=g1, 7g2=fgs, and 70 =0 if b& F(»). Then by (31) we have 1o =07.
Now

rogs = 7(g2(082/82)) = fg:(o82/82) = foga,
orge = o(fga) = dfogs.

Hence of =f. In particular we see that 2= 2 implies that of =f for all fE F( ).

If 2= 3, then og;=g; for all j#£2. By interchanging the roles of g, and g;
we can show that ocga=gs. Thus if 223, then o= and G=G.

Let Z be the center of H. If u=v, then Z consists of ¢ alone. If #>v, then
Z consists of e and a*/2. We note that ZCG(2) and that Z contains at most
two elements. Z consists of all elements of G(2) that are left invariant by all
automorphisms of G(2).

Now suppose that k=2. Then F/(»)=F(®). Furthermore of=f for all
fEF(») and ogi=g1. Put oga=gsh. Then h2=e. Now if 7g;=g, and 7g2=g,,
then by (31), o7 =70 and

gzh = 082 = 072 = T0g2 = T(gzh) = g27h’

or h=1h. Therefore & is left invariant by all automorphisms of G(2). It fol-
lows that k& Z.
Now let z be an arbitrary element of Z and define ¢; and o3 as follows:

of =f if fEF(»), oigi=g
o:8i = §i% if 2 '7"5].
Let G(2) be the group generated by (g, 01), (g2, 02) and the elements of F(x).
Then G(z) is an invariant maximal-abelian subgroup of H isomorphic to G.
We see that if k=2, then G'=G(2) for suitable z&Z.
Suppose k=1. Then G’(2) consists of the elements (b, ¥5), bEG(?), ¥s
defined by (19). Now (g1, 0) (b, ¥») = (b, ¥3)(g1, o) since G’ is commutative.
Comparing the first components we get

giob = bpg1 = gib'te,
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or gb=>50*¢ for all bEG(2). If cEG(p), where p#2, then oc=c. Hence we
need only determine ogy. Put ggi=gih. Then k2=e. Now by (2) if rg1=g,
then ogy =70g, which implies that gih=7(g1k) or k=7h. Hence hEZ.

On the other hand let 2E€Z,and if u £2let ¢=0,if u>2letg=00r g=u/2.
Let ¥ be defined by (19) and ¢ by

o1 = g13, ob = bt if b EG(2),
oc=c¢ if ¢&EG(p), p# 2

Let G(g, z) be the group generated by (g1, 0); (b, ¥s), BEG(2); and the ele-
ments of the groups G(p), p#2. Then G(g, 2) is an invariant maximal-abelian
subgroup of H.

If k=1, then G is of the form G(g, 2).

Thus we have determined the invariant maximal-abelian subgroups of H
isomorphic to G. We see that there are at most four such subgroups. If G
does not contain any elements of order 2, or if G contains at least three inde-
pendent generators of infinite order, then G is the only such subgroup.

10. Groups with the same holomorph.

THEOREM 2. If H 1is the holomorph of a finitely generated abelian group G,
and if G is an invariant maximal-abelian subgroup of H isomorphic to G, then
H 1s also the holomorph of G.

Proof. Clearly H is the holomorph of G if and only if there exists an
automorphism 7 of H mapping G onto G. We shall construct such an auto-
morphism. In §9 it was shown that if GG, G must be one of the groups
G, G(2), G(g, 2), or G(r, s). We suppose first that G is one of the groups G(z),
G(q, 2), or G(r, s). Then we note that every element of G occurs once and
only once as the first component of an element of G. If g&G, let (g, o,) be
the element of G with g as its first component. Now if 7&4, then

(6, T)(gv 00)(81 T)—l = (Tgv 1'0‘,,1‘"'1) & g-
It follows that
(32) Org = TOgT L

Let D be the group generated by the set of all elements of the form o,k/k,
g, hEG. Then it can be verified directly that if &€ D, then d?=e, ,d =d for all
gE€G, and DCG. Put

(33) nf = (f' 0‘/)

if f=g: f=a, f=8, fEF, orif fEG(p), p#2. It is clear that (33) determines
an isomorphism 7 of G onto G. For any gEG, let ng=(g*, 7,). Then g—g* is
a one-to-one mapping of G onto itself and g*/gEDCG for all gEG. Hence
(g/g*)(g* 14)=(g 7,)EG. It follows that r,=0, and ng=(g* o,). Also if
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d&ED and if g and & are elements of G, then (gd)* =g*d, d*=d, and o ,h*/h*
=o,h/h. Now

1(gh) = ngnk = (g*, 0o)(k*, on) = (g¥0oh*, o,0m).

Therefore

(gh)* = grob* = g*h*(o h*/B*) = g*h*(a h/ k).
Hence
(34) g w* = (gh)*(oh/h) = {gh(osh/h)}* = (gooh)*.

Now if u€ A4, let u* be the mapping defined by u*g*=(ug)*. Then u* is a
one-to-one mapping of G onto itself. By (32) and (34)

(ug)*(uh)*

(ugououh)* = (uguooh)* = {u(go,h)}*
= p*(go h)* = p*(g*h*).

Hence p*& 4. It is easily shown that p** =y and that u*»* = (uv)*. Hence the
mapping p—u* is an automorphism of A. Now the first component of
(e, u*)(nh)(e, u*)~1 is u*h* = (uh)*. It follows that
(35) (e, w*)(nk)(e, w*)™t = nuh.
We now define (g, u) =ng(e, u*). Clearly 7 is a one-to-one mapping of H
onto itself, sending G onto G. Furthermore by (35)

(g wn(h, v) = ngle, u*)nh(e, v*) = ngnuh(e, u*)(e, v*)
= n(guh)(e, (w)*) = n{(g, w)(h, )}

Hence 7 is an automorphism of H.
There remains the case G=G. Here u=4, v=2, w=1, k=0. Define

(36) na = (8,¥), 78 = (¢ w), and nf =f if fEF(Q).

Then 7 is an isomorphism of G onto G. We seek to extend 7 to an auto-
morphism of H. Now 4 is the direct product of 4(2) and A’(2), where 4(2)
consists of those automorphisms leaving every element of F(2) fixed, and
A’(2) consists of those automorphisms leaving every element of G(2) fixed.
Furthermore A (2) is generated by ¥ and an automorphism ¢ of order 4 such
that fa=af, {B=0a?B. It can be verified directly that (36),

n(e' g‘) = (a’ ()' n(e' ¢) = (aﬂ, ¢),
and
(e, 7) = (e,7) if 7E A'(2)

determine an automorphism 7 of H mapping G onto G. This completes the
proof.
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CoOROLLARY. If H is the holomorph of a finite abelian group G, and if G
1s an invariant subgroup of H isomorphic to G, then H is also the holomorph of G.

Proof. It has been shown that under these conditions G is a maximal
abelian subgroup of H. Hence Theorem 2 applies.
Theorem 2 and the corollary to Theorem 1 give us the following:

THEOREM 3. Let G and G’ be finitely generated abelian groups and let H be
the holomorph of G. Then H is the holomorph of G’ if and only if G’ is an in-
variant maximal-abelian subgroup of H isomorphic to G. If G is a finite group
then H is the holomorph of G’ if and only if G’ is an invariant subgroup of H iso-
morphic to G.

When either of the groups G and G’ is not abelian the problem appears
to be much more difficult. It is not true that two finite nonabelian groups
with the same holomorph are isomorphic. For example if >3, the dihedral
and dicyclic groups of order 4n have the same holomorph.

REFERENCES
1. G. A. Miller, On the multiple holomorphs of a group, Math. Ann. vol. 66 (1908) pp. 133—
142.
2. Yu. A. Gol'fand, On the group of automorphisms of the holomorph of a group, Rec. Math.
(Mat. Sbornik) N.S. vol. 27 (1950) pp. 333-350.

YALE UNIVERSITY,
New Haven, ConN,



